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Spain
Abstract
We analyze the geometry of the Ext-quiver of a coalgebra C in
order to study the behavior of simple and injective C-comodules under
the action of the functors associated to a localizing subcategory of the
category of C-comodules.
Introduction
In recent years, the difficulty of studying coalgebras in a general frame-
work has caused the appearance of several kinds of coalgebras which
are investigated separately. Many of them are defined through certain
properties involving their category of comodules or, merely, their sim-
ple or injective comodules. For instance, this is the case of cosemisim-
ple, pure semisimple, semiperfect, quasi-co-Frobenius, hereditary or
serial coalgebras, see [3], [4], [7], [12] or [15]. Therefore it is natural to
ask about the behavior of such comodules in different situations. In
this paper we shall focus on this question in the context of localization
as defined by Gabriel in [5]. In particular, we will study the behavior
of simple and (indecomposable) injective comodules under the action
of the localizing functors associated to a localizing subcategory. In
many cases this analysis is related to the geometry of the Ext-quiver
associated to the coalgebra. For that reason, in Section 2 we take into
consideration some geometric properties of it. We devote Section 3,
4 and 5 to study how the quotient, section and colocalizing functors
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transform simple and injective objects, respectively. Lastly, in Sec-
tion 6, we relate those properties to the idempotent associated to the
localizing subcategory, extending the results of [10].
1 Preliminaries and notation
Throughout we fix a ground field K and we assume that all vector
spaces are over K and every map is a K-linear map. In particular,
C is a K-coalgebra which, without loss of generality, we shall con-
sider basic. The reader is expected to be familiar with basic coalgebra
theory, see for instance [1], [13] or [19]. Unless otherwise stated, all C-
comodules will be right C-comodules. We denote byMC the category
of right C-comodules and by MCqf and M
C
f the full subcategories of
MC formed by quasi-finite and finite dimensional comodules, respec-
tively. We also denote by {Sx}x∈IC and by {Ex}x∈IC a complete set
of pairwise non-isomorphic simple and indecomposable injective right
C-comodules, respectively. For each right C-comodule M , we may
calculate its socle, SocM , and its injective envelope, E(M). Then,
for each x ∈ IC , we assume that Soc Ex = Sx, and consequently,
E(Sx) = Ex.
We will follow the quiver notation of [8] and [10], in particular, by
a quiver we mean an oriented graph Q = (Q0, Q1), where Q0 is set
of vertices and Q1 is the set of arrows. The path coalgebra KQ is
defined in the standard way. The set of simple right KQ-comodules
is {Kx}x∈Q0 , and, for each x ∈ Q0, Ex = E(Kx) is generated by the
set of paths ending at x.
Following [5], a dense subcategory T ofMC is said to be localizing
if the quotient functor T :MC →MC/T has a right adjoint functor,
S, called the section functor. T is exact, S is fully faithful and left
exact, and TS = 1MC/T . Dually, see [16], T is said to be colocalizing
if T has a left adjoint functor, H, called the colocalizing functor. H
is a fully faithful and right exact functor such that TH = 1MC/T . It
is well-known that there exist one-to-one correspondences between lo-
calizing subcategories, indecomposable injective comodules and simple
comodules. In [2], [10] and [21] localizing subcategories are described
by means of idempotent elements of the dual algebra C∗. In partic-
ular, it is proved that the quotient category is the category of right
comodules over the coalgebra eCe, where e is the idempotent element
associated to the localizing subcategory. See the above references for
the coalgebra structure of eCe and a description of the localization
functors by means of e. The localization in categories of comodules
over path coalgebras is described in detail in [10].
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2 The geometry of the Ext-quiver
To any coalgebra C, we may associate a quiver ΓC known as the right
Ext-quiver of C, see [14]. We recall that the set of vertices of ΓC is
the set of pairwise non-isomorphic simple right C-comodules {Sx}x∈IC
and, for two vertices Sx and Sy, there exists a unique arrow Sy → Sx in
ΓC if and only if Ext
1
C(Sy, Sx) 6= 0. We may proceed analogously with
left C-comodules and obtain the left Ext-quiver of C, ∆C . Through-
out we assume that ΓC is connected, i.e., C is indecomposable as
coalgebra.
Remark 2.1. The results obtained in this paper are also valid for the
valued Gabriel quiver of C, (QC , dC), i. e., following [11], the valued
quiver whose set of vertices is {Sx}x∈IC and such that there exists a
unique valued arrow Sy
(d1yx,d
2
yx) // Sx if and only if Ext
1
C(Sy, Sx) 6=
0 and d1yx = dimEndC(Sy)Ext
1
C(Sy, Sx) as right EndC(Sy)-module and
d2yx = dimEndC(Sx)Ext
1
C(Sy, Sx) as left EndC(Sx)-module.
This is also true if we consider the (non-valued) Gabriel quiver.
That quiver is obtained taking the same set of vertices and the number
of arrows from a vertex Sx to a vertex Sy is dimEndC(Sx)Ext
1
C(Sx, Sy).
We recall that if C is pointed (or K is algebraically closed) then it is
isomorphic to a subcoalgebra of the path coalgebra of its Gabriel quiver.
Let us take into consideration some geometric properties of ΓC .
Given a vertex Sx, we say that the vertex Sy is an immediate prede-
cessor (or a 1-predecessor) of Sx if there exists an arrow Sy → Sx in
ΓC .
Lemma 2.2. Sy is an immediate predecessor of Sx if and only if
Sy ⊆ Soc(Ex/Sx).
Proof. Let us consider the short exact sequence Sx →֒ Ex → Ex/Sx.
We apply to it the functor HomC(Sy,−) and then we obtain the long
exact sequence
0 // HomC(Sy, Sx)
f // HomC(Sy, Ex) //
// HomC(Sy, Ex/Sx) // Ext1C(Sy, Sx)
// 0
Since f is a K-linear isomorphism, HomC(Sy, Ex/Sx) ∼= Ext
1
C(Sy, Sx)
and the result follows.
We may generalize the former definition by means of the socle
filtration. Following [6], any right C-comodule M has a filtration
0 ⊂ SocM ⊂ Soc2M ⊂ · · · ⊂M
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called the Loewy series, where, for n > 1, SocnM is the unique sub-
comodule of M satisfying that Socn−1M ⊂ SocnM and
SocnM
Socn−1M
= Soc
(
M
Socn−1M
)
.
Lemma 2.3. [6] Let M and N be right C-comodules then:
(a) Let n be a positive integer. If 0 ⊆ R1 ⊆ R2 ⊆ · · · ⊆ Rn is a
chain of subcomodules of M such that Ri/Ri−1 is semisimple for
all i = 1, . . . , n then Rn ⊆ Soc
nM .
(b) If N is a subcomodule of M then SocnN = SocnM ∩ N for all
n ≥ 1.
(c) If f : N →M is a morphism of right C-comodules then f(SocnN) ⊆
SocnM for all n ≥ 1.
(d) If M =
⊕
λMλ then Soc
nM =
⊕
λ Soc
nMλ for all n ≥ 1.
We shall need the following result:
Lemma 2.4. Let M be a right C-comodule. Then, for each positive
integer n, the chain
0 ⊂
Socn+1M
SocnM
⊂
Socn+2M
SocnM
⊂ · · · ⊂
Socn+tM
SocnM
⊂ · · ·
is the Loewy series of the right C-comodule M/SocnM , that is,
Soct
(
M
SocnM
)
=
Socn+tM
SocnM
for each t > 0
Proof. For each t > 0, denote byNt the C-comodule Soc
n+tM/SocnM
and by N the C-comoduleM/SocnM . The case t = 1 follows from the
definition of the Loewy series. Assume now that the statement holds
for t − 1. Then Nt is a subcomodule of N such that Soc
t−1N ⊂ Nt
and
Nt
Soct−1N
∼=
Socn+tM
Socn+t−1M
∼= Soc
(
M
Socn+t−1M
)
∼= Soc
(
N
Soct−1N
)
.
Thus SoctN = Nt.
Given a vertex Sx, we say that the vertex Sy is an n-predecessor of
Sx if Ext
1
C(Sy,Soc
nEx) 6= 0, or equivalently, proceeding as in Lemma
2.2, if Sy ⊆ Soc (Ex/Soc
nEx).
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Convention 2.5. Throughout, given a simple comodule Sx, for each
n ≥ 1, we shall denote by {Si}i∈In the set of simple C-comodules such
that
Soc
(
Ex
SocnEx
)
=
⊕
i∈In
Si,
and we will refer to it as the set of all n-predecessors of Sx. Obviously,
each n-predecessor Si is repeated ri times, where
ri =
dimKHomC(Si, Ex/Soc
nEx)
dimKEndC(Si)
=
dimKExt
1
C(Si,Soc
nEx)
dimKEndC(Si)
.
Lemma 2.6. Let Sx and Sy be two simple C-comodules. The following
assertions are equivalent:
(a) Sy is a n-predecessor of Sx.
(b) There exists a non-zero morphism f : Socn+1Ex → Ey such that
f(SocnEx) = 0.
(c) There exists a morphism g : Ex → Ey such that g(Soc
iEx) = 0
for all i = 1, . . . , n and g(Socn+1Ex) 6= 0
Proof. (a) ⇔ (b). Assume that Sy is an n-predecessor of Sx. Then
there exists a non-zero map h : Socn+1Ex/Soc
nEx → Ey making
commutative the following diagram
Sy _
i

  i // Soc
n+1Ex
SocnEx
h
{{w
w
w
w
w
Ey
Then, the composition Socn+1Ex
p // Socn+1Ex/Soc
nEx
h // Ey
is a nonzero morphism which vanishes in SocnEx.
Conversely, given such an f , it decomposes through a non-zero
morphism g :
⊕
i∈In
Si −→ Ey. Therefore there is an i ∈ In such that
gui : Si → Ey is non-zero, where ui is the standard inclusion. That
is, Si = Sy is an n-predecessor of Sx.
(b) ⇔ (c). Assume that f is such a morphism. Since Ey is an
injective C-comodule, there exists a morphism g : Ex → Ey such that
Socn+1Ex
f

  i // Ex
g
zzu
u
u
u
u
Ey
commutes. Obviously, g(SocnEx) = 0 and g(Soc
n+1Ex) 6= 0.
For the converse, it is enough to consider the restriction of g to the
subcomodule Socn+1Ex.
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Remark 2.7. Observe that the proof is also valid for an arbitrary
C-comodule M , that is, the following assertions are equivalent:
(a) Sy ⊆M/Soc
nM .
(b) There exists a non-zero morphism f : Socn+1M → Ey such that
f(SocnM) = 0.
(c) There exists a morphism g : M → Ey such that g(Soc
iM) = 0
for all i = 1, . . . , n and g(Socn+1M) 6= 0
We simply say that Sy is a predecessor of Sx if there exists an
integer n ≥ 1 such that Sy is an n-predecessor of Sx. The following
result gives a necessary and sufficient condition for the vertex Sy to
be a predecessor of a vertex Sx. Given two indecomposable injective
right C-comodules Ex and Ey, we denote by RadC(Ex, Ey) the set of
all morphisms in HomC(Ex, Ey) which are not bijective.
Corollary 2.8. Let Sx and Sy be two simple C-comodules. Then, Sy
is a predecessor of Sx if and only RadC(Ex, Ey) 6= 0.
Proof. The sufficiency is proved by the former lemma.
Conversely, for each n ≥ 1, we have the short exact sequence
SocnEx // Socn+1Ex
//
⊕
i∈In
Si .
If Sy is not a predecessor of Sx then Sy ≇ Si for all i ∈ In. Therefore,
for any n ≥ 1, HomC(Soc
n+1Ex, Ey) ∼= HomC(Soc
nEx, Ey). Now,
HomC(Ex, Ey) ∼= HomC(lim−→
SocnEx, Ey)
∼= lim−→
HomC(Soc
nEx, Ey)
∼= HomC(Sx, Ey)
∼=
{
0, if Sx ≇ Sy,
EndC(Sx), if Sx ∼= Sy.
Thus RadC(Ex, Ey) = 0.
Theorem 2.9. Let Sx and Sy be two simple C-comodules and n be
a positive integer. If Sy is an n-predecessor of Sx then there exists a
path in ΓC of length n from Sy to Sx.
Proof. We proceed by induction on the integer n. For n = 1 is just
Lemma 2.2. Let us assume that the assertion holds for n− 1 and let
Sy be a n-predecessor of Sx. By Lemma 2.6, there exists a non-zero
map f : Socn+1Ex → Ey such that f(Soc
nEx) = 0. In particular we
may decompose f as follows
Socn+1Ex
p

f // Ey
M = Soc
n+1Ex
Socn−1Ex
g
99ssssssssss
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where g is a non-zero map such that g(SocnEx/Soc
n−1Ex) = 0.
By Lemma 2.4, M = Soc2(Ex/Soc
n−1Ex) and then it is contained
in Soc2(
⊕
i∈In−1
Ei) =
⊕
i∈In−1
Soc2Ei. Therefore, since Ey is injec-
tive, there exists a non-zero map h making commutative the following
diagram
Ey
M
g
OO
i //
⊕
i∈In−1
Soc2Ei
h
ffLLLLLLLLLLL
Hence there is an index j ∈ In−1 such that the composition huj :
Soc2Ej → Ey is non-zero, where uj is the usual inclusion. Lastly,
since g(SocM) = 0, h(
⊕
i∈In−1
Si) = 0 and then huj(Sj) = 0. Thus
there is an arrow Sy → Sj in ΓC .
Remark 2.10. The reader should observe that if there is a path in
ΓC from Sy to Sx, then Sy does not have to be a predecessor of Sx.
For example, consider the quiver Q
◦ α // ◦
β // ◦
y z x
,
and the subcoalgebra C of KQ generated by {x, y, z, α, β}. Then the
quiver ΓC is
Sy −→ Sz −→ Sx.
Obviously, there is a path from Sy to Sx, but there is no non-zero
morphisms
f : Ex =< x, β >−→ Ey =< y > .
On the other hand, if C is the coalgebra KQ, the Ext-quiver of KQ
is also the previous quiver but, in this case, we may obtain a map
f : Ex =< x, β, βα >−→ Ey =< y >
defined by f(βα) = y and zero otherwise.
Lemma 2.11. Let Ex and Ey be two indecomposable injective right C-
comodules and f : Ex → Ey be a morphism of C-comodules such that
f(SocnEx) = 0 and f(Soc
n+1Ex) 6= 0. Then f(Soc
n+1Ex) = Sy and
f(Socn+tEx) ⊆ Soc
tEy for any t > 1. Moreover, if C is hereditary,
then f(Socn+tEx) = Soc
tEy for any t ≥ 1 .
Proof. We may factorize f as the composition:
Ex
p //
f
44
Ex
SocnEx
g // Ey
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Then f(Socn+1Ex) = gp(Soc
n+1Ex) = g(
Socn+1Ex
SocnEx
) is a non-zero semisim-
ple subcomodule of Ey, i.e., it is Sy. Let us consider the chain
0 ⊆ f(SocnEx) ⊆ f(Soc
n+1Ex) ⊆ · · · ⊆ f(Soc
n+tEx) ⊆ · · ·
Since each quotient f(Soc
n+iEx)
f(Socn+i−1Ex)
is semisimple for any i ≥ 0, by
Lemma 2.3, f(Socn+tEx) ⊆ Soc
tEy for any t > 1.
Suppose now that C is hereditary. Then, for each i ∈ In, the
following diagram commutes
Ex
p
''NN
NN
NN
NNN
NN
N
f // Ey
Ex
SocnEx
∼=
⊕
i∈In
Ei
g
OO
Eiui
oo
gui
ggNNNNNNNNNNNNNNN
Since g(
⊕
i∈In
Si) = Sy, there is an index j ∈ In such that g|Sj : Sj →
Sy is bijective. Thus guj is an isomorphism and
SoctEy = guj(Soc
tEj) ⊆ g(
⊕
i∈In
SoctEi) = f(Soc
n+tEx)
for any t > 0.
Corollary 2.12. Let C be a hereditary coalgebra and n be a positive
integer. The following conditions are equivalent:
(a) There is a path in ΓC of length n from a vertex Sy to a vertex
Sx.
(b) Sy is an n-predecessor of Sx.
Proof. It is enough to prove (a)⇒ (b). If
Sy // S1 // · · · // Sn−1 // Sx
is a path in ΓC , there exists a sequence of (surjective) morphisms
Ex
fn // En−1
fn−1 // · · ·
f2 // E1
f1 // Ey
such that fi(Si) = 0 and fi(Soc
2Ei) 6= 0 for all i = 1, . . . , n, where
Sn = Sx. Then, applying repeatedly the previous lemma, we obtain
that (f1f2 · · · fn)(Soc
nEx) = 0 and (f1f2 · · · fn)(Soc
n+1Ex) = Sy 6= 0.
By Lemma 2.6, Sy is an n-predecessor of Sx.
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3 The section functor
From now on we fix an idempotent element e ∈ C∗. We will denote by
Te the localizing subcategory associated to e and by {Sx}x∈Ie⊂IC the
subset of simple comodules of the quotient category. Let us consider
the quotient and the section functor associated to Te:
MC
T=e(−)=−CeC //
MeCe
S=−eCeCe
oo .
We recall that there exists a torsion theory on MC associated to
the functor T , where a right C-comodule M is a torsion comodule
if T (M) = 0. If M is not torsion, we denote by t(M) the torsion
subcomodule of M .
We know that, by [10], for a simple right C-comodule Sx, T (Sx) =
Sx if x ∈ Ie and zero otherwise. From this fact we obtain the following
result:
Lemma 3.1. LetM be a right C-comodule then T (SocM) ⊆ Soc T (M).
Proof. Let us suppose that SocM = (
⊕
i∈I Si)
⊕
(
⊕
j∈J Tj), where
Si and Tj are simple right C-comodules such that T (Si) = Si and
T (Tj) = 0 for all i ∈ I and j ∈ J . Since SocM ⊆ M then we have
that T (SocM) =
⊕
i∈I Si ⊆ T (M).
Let us study the behavior of the injective comodules under the
action of the section functor. Indeed, we shall prove that S preserves
indecomposable injective comodules and, consequently, injective en-
velopes. In what follows we will denote by {Ex}x∈Ie a complete
set of pairwise non-isomorphic indecomposable injective right eCe-
comodules, and assume that Ex is the injective envelope of the simple
right eCe-comodule Sx for each x ∈ Ie.
Proposition 3.2. The following properties hold:
(a) The functor S preserves injective comodules.
(b) If N is a quasi-finite indecomposable right eCe-comodule then
S(N) is indecomposable.
(c) The functor S preserves indecomposable injective comodules.
(d) If Sx is a simple eCe-comodule then Soc S(Sx) = Sx.
(e) If Sx is a simple eCe-comodule then S(Sx) is torsion-free.
(f) We have that S(Ex) = Ex for all x ∈ Ie.
(g) The functor S preserves quasi-finite comodules.
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(h) The functor S : MeCe → MC restricts to a fully faithful func-
tor S : MeCeqf → M
C
qf between the categories of quasi-finite co-
modules which preserves indecomposables comodules and respects
isomorphism classes.
Proof. (a) The functor T is exact and left adjoint of S so, by [18,
Proposition 9.5], the result follows.
(b) Since N is quasi-finite and indecomposable then we have that
EndeCe(N) ∼= EndC(S(N)) is a local ring. Thus S(N) is inde-
composable.
(c) It follows from (a) and (b).
(d) Suppose that Soc S(Sx) = (
⊕
i∈I Si)
⊕
(
⊕
j∈J Tj), where Si and
Tj are simple right C-comodules such that T (Si) = Si and
T (Tj) = 0 for all i ∈ I and j ∈ J . By Lemma 3.1,
⊕
i∈I Si =
T (Soc S(Sx)) ⊆ Soc TS(Sx) = Soc Sx = Sx. Since S is left
exact and preserves indecomposable injective comodules, Sx ⊆
Soc S(Sx) ⊆ Soc S(Ex) = Sy for some simple comodule Sy.
Then Sy = Sx = Soc S(Sx).
(e) If M ⊆ S(Sx) is a non-zero torsion subcomodule of S(Sx) then
there exists a simple C-comodule R contained in M such that
T (R) = 0. But Soc S(Sx) = Sx, so Sx = R and we get a
contradiction.
(f) It is easy to see from (c) and (d).
(g) Let M be a quasi-finite right eCe-comodule. The injective enve-
lope ofM is a quasi-finite injective comodule M
 //E =
⊕
E
nx
x .
Since S is left exact then S(M)
 //S(E) =
⊕
Enxx . Thus S(M)
is quasi-finite.
(h) It is a consequence of the above assertions and the equality TS =
1MeCe .
Corollary 3.3. S preserves injective envelopes.
After proving Proposition 3.2, one should ask if the behavior of
simple comodules is analogous to injective ones, that is, if S preserves
simple comodules and, consequently, in view of Proposition 3.2(c),
S(Sx) = Sx for all x ∈ Ie. Unfortunately, in general, this is not true
and we can only say that S(Sx) is a subcomodule of Ex which contains
Sx.
Example 3.4. This example shows that S(Sx) does not have to be Sx
for every x ∈ Ie. Consider the quiver Q
◦ α // ◦
y x
,
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C = KQ and the idempotent e ∈ C∗ associated to the set {x}. Then,
the localized coalgebra eCe is Sx and
S(Sx) = SxeCeCe = eCeeCeCe ∼= Ce ∼=< x,α > 6= Sx.
The reader should observe that S(Sx) could be an infinite dimen-
sional right C-comodule. Therefore, in general, S cannot be restricted
to a functor between the categories of finite dimensional comodules.
Example 3.5. Consider the quiver Q
· · ·
αn+1 // ◦
αn // ◦
αn−1 // ◦ − · · · − ◦
α2 // ◦
α1 // ◦
123n− 1nn+ 1
,
C = KQ and the idempotent e ∈ C∗ associated to the set {1}. Then
the localized coalgebra eCe is S1 and
S(S1) = S1eCeCe = eCeeCeCe ∼= Ce ∼=< 1, {α1 · · ·αn−1αn}n≥1 > .
Remark 3.6. The reader may find in [9] a proof of the following fact:
S preserves finite dimensional comodules if and only S(Sx) is finite
dimensional for each x ∈ Ie.
In order to characterize the simple comodules invariant under the
functor S we need the following result. It asserts that the torsion
immediate predecessors of a torsion-free vertex Sx in ΓC are the simple
C-comodules contained in the socle of S(Sx)/Sx. In the following
picture the torsion-free vertices are represented by white points.
◦
?
??
??
??
??
•
''OO
OOO
OO
◦ // ◦
◦
77ooooooo
•
??
























_____
_____
7w7w7w7w7w7w7w
$d
$d
$d
$d
$d
$d
$d
$d
Sx
Soc Ex/Sx
Soc S(Sx)/Sx
Theorem 3.7. Let Sy and Sx be two simple C-comodules. Then we
have that Sy ⊆ S(Sx)/Sx if and only if Sy ⊆ Ex/Sx and T (Sy) = 0.
Proof. Consider the short exact sequence
(1) Sx // S(Sx) // S(Sx)/Sx
Since Sx = T (Sx) = TS(Sx), S(Sx)/Sx is a torsion subcomodule of
Ex/Sx. Therefore if Sy ⊆ S(Sx)/Sx then Sy ⊆ Ex/Sx and T (Sy) = 0.
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Conversely, applying the functor S to the exact sequence
Sx
i // Ex
p // Ex/Sx
we obtain the following commutative diagram:
S(Sx)
S(i) // Ex
S(p) //
Coker S(i) $$I
II
II
II
II
I S(Ex/Sx)
// Coker
Ex/S(Sx)
*


88ppppppppppp
// 0
Therefore we have that HomC(Sy, Ex/S(Sx)) is contained in the set
of morphisms HomC(Sy, S(Ex/Sx)) ∼= HomeCe(T (Sy), Ex/Sx) = 0.
Now, applying HomC(Sy,−) to the exact sequence
S(Sx) // Ex // Ex/S(Sx),
we obtain the exactness of the sequence
0 = HomC(Sy, Ex)→ HomC(Sy, Ex/S(Sx))→ Ext
1
C(Sy, S(Sx))→ 0
and then 0 = HomC(Sy, Ex/S(Sx)) ∼= Ext
1
C(Sy, S(Sx)).
Let us now apply the functor HomC(Sy,−) to (1) and therefore
HomC(Sy, S(Sx)/Sx) ∼= Ext
1
C(Sy, Sx) 6= 0. Then the result follows.
Corollary 3.8. Let Sx be a simple eCe-comodule. The following con-
ditions are equivalent:
(a) Ex/Sx is torsion-free.
(b) There is no arrow in ΓC from a torsion vertex Sy to Sx.
(c) S(Sx) = Sx.
Proof. It is straightforward from Lemma 2.2 and Theorem 3.7.
We may generalize the former results using the Loewy series of the
C-comodule S(Sx).
Lemma 3.9. Let Sx and Sy be two simple C-comodules such that
Sx is torsion-free. Then Sy ⊆ S(Sx)/Soc
nS(Sx) if and only if Sy is
torsion and Sy ⊆ Ex/Soc
nS(Sx).
Proof. The necessity can be proved as the former theorem. Con-
versely, since Sy is torsion, by the proof of Theorem 3.7, we have
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that Ext1C(Sy, S(Sx)) = 0. Then, applying the functor HomC(Sy,−)
to the short exact sequences
SocnS(Sx) // Ex // Ex/Soc
nS(Sx)
SocnS(Sx) // S(Sx) // S(Sx)/Soc
nS(Sx)
we obtain that HomC(Sy,
S(Sx)
SocnS(Sx)
) ∼= HomC(Sy,
Ex
SocnS(Sx)
).
Theorem 3.10. Let Ex be an indecomposable injective C-comodule
such that Sx is torsion-free. If Sy ⊆ S(Sx)/Soc
nS(Sx) for some n ≥ 1,
then the following assertions hold:
(a) Sy is torsion.
(b) Sy is a n-predecessor of Sx.
(c) There exists a path in ΓC
Sy // Sn−1 // · · · // S2 // S1 // Sx
such that Si is torsion for all i = 1, . . . , n− 1.
The converse also holds if C is hereditary.
Proof. (a) can be proved as in Theorem 3.7. (b) is obtained from
the inclusion S(Sx)SocnS(Sx) ⊆
Ex
SocnEx
. For (c), we proceed by induc-
tion on the number n. The case n = 1 corresponds to Theorem
3.7. Assume now that the statement holds for n − 1 and that Sy ⊆
S(Sx)/Soc
nS(Sx). Analogously to the proof of Theorem 2.9, we may
prove that there exists an arrow from Sy to a simple C-comodule
Sj ⊆ S(Sx)/Soc
n−1S(Sx).
Let us now suppose that C is hereditary. We will prove that, for
each positive integer n, the torsion simple comodules contained in
Ex/Soc
nS(Sx) are those for which there is a path as described in (c).
By Lemma 3.9, this will imply the statement. The case n = 1 is just
Theorem 3.7. Let us assume that it is verified for n− 1. Then
Ex
SocnS(Sx)
∼=
Ex
Socn−1S(Sx)
SocnS(Sx)
Socn−1S(Sx)
∼=
(⊕j∈JEj)⊕⊕E
⊕j∈JSj
∼= (⊕j∈JEj/Sj)⊕ E,
where Sj is torsion for all j ∈ J and E is an injective comodule whose
socle is torsion-free. If there is a path from Sy to Sx as described in
(c), 1 ∈ J by hypothesis and hence Sy ⊆ E1/S1 ⊆ Ex/Soc
nS(Sx).
Conversely, there is some jo ∈ J such that Sy ⊆ Ej0/Sj0 and then we
have an arrow Sy → Sj0 . By hypothesis there is a path of length n−1
as described in (c) from Sj0 to Sx. This completes the proof.
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Corollary 3.11. Let Q be a quiver, KQ the path coalgebra of Q and
e ∈ (KQ)∗ an idempotent element associated to the subset X ⊆ Q0.
For each vertex x ∈ X, the KQ-comodule S(Sx) is generated by the
set of paths
◦ // ◦ // ◦ − · · · − ◦ // ◦ // ◦
x1 x2 xn x
such that xi /∈ X for any i = 1, . . . , n
Corollary 3.12. Suppose that dimKExt
1
C(S1, S2) is finite for each
simple C-comodules S1 and S2. If there is finitely many paths in ΓC ,
St // St−1 // · · · // S2 // S1 // Sx
such that Si is a torsion simple C-comodule for all i = 1, . . . , t, then
S(Sx) is finite dimensional. If C is hereditary, the converse holds.
Remark 3.13. If we consider the non-valued Gabriel quiver of C, it
is not needed to assume that the groups of extensions between simple
comodules have finite dimension.
4 The quotient functor
Let us now analyze the properties of the quotient functor. We start
with an example which shows that, in general, T does not preserve
injective comodules.
Example 4.1. Let Q be the quiver
◦ α // ◦
β // ◦
x y z
,
C be the subcoalgebra of KQ generated by {x, y, z, α, β} and Ie =
{x, y}. The injective right C-comodule Ez is generated by < z, β >
and T (Ez) =< β >∼= Sy 6= Ey.
Proposition 4.2. The following statements hold:
(a) T (Ex) = Ex for any x ∈ Ie.
(b) If E is an injective torsion-free right C-comodule then T (E) is
an injective right eCe-comodule.
(c) IfM is a torsion-free right C-comodule then SocM = Soc T (M) =
T (SocM).
(d) The functor T :MC →MeCe restricts to a functor T :MCqf →
MeCeqf and a functor T :M
C
f →M
eCe
f between the categories of
quasi-finite and finite dimensional comodules, respectively.
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Proof. (a) By Proposition 3.2, Ex = S(Ex) for any x ∈ Ie. Then
T (Ex) = TS(Ex) = Ex.
(b) It follows from (a).
(c) Consider the chain
⊕
x∈I Sx = SocM ⊆M ⊆ E(M) =
⊕
x∈I Ex.
SinceM is torsion-free then I ⊆ Ie. Therefore SocM =
⊕
x∈I Sx =⊕
x∈I T (Sx) = T (SocM) ⊆ T (M) ⊆ T (E(M)) =
⊕
x∈I T (Ex) =⊕
x∈I Ex and the result follows.
(d) It is easy to see.
Corollary 4.3. Let Ex be a indecomposable injective C-comodule such
that Sx is torsion-free. S(Sx) = Ex if and only if all predecessors of
Sx in ΓC are torsion.
Proof. Assume that all predecessors of Sx are torsion. Then,
T (SocnEx) = T (Soc
n+1Ex) = T (Soc Ex) = Sx.
Now, by the previous proposition,
Ex = T (Ex) = T (lim−→
SocnEx) = lim−→
T (SocnEx) = Sx
and thus, by Proposition 3.2(f), Ex = S(Ex) = S(Sx). The converse
follows from Theorem 3.10.
Example 4.4. In general, the functor T is not full. Let Q be the
quiver
◦ α // ◦
y x
,
C = KQ and e ∈ C∗ be the idempotent associated to the set {x}. Then
dimKHomC(Sx, C) = dimKEnd(Sx) = 1 and dimKHomeCe(Sx, eC) =
2. Therefore the map TSx,C : HomC(Sx, C)→ HomeCe(Sx, eC) cannot
be surjective.
Example 4.5. In general, the functor T does not preserve indecom-
posable comodules. Let KQ be the path coalgebra of the quiver
◦ α
))SSS
SSS
S
◦
◦ β
55kkkkkkk
x
z
y
and e ∈ C∗ be the idempotent associated to the set {x, y}. Then T
maps the indecomposable injective right C-comodule Ez =< z,α, β >
to the right eCe-comodule Sx⊕Sy. Nevertheless, it is easy to see that
T preserves indecomposable torsion-free comodules.
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Since T (Sy) = 0 for each torsion simple C-comodule, one could
expect the analogous property for their injective envelopes. Unfor-
tunately, this is only true in some special conditions related to the
stability of the the torsion theory.
Example 4.6. Let KQ be the path coalgebra of the quiver
◦ α // ◦,
x y
C = KQ and e ∈ C∗ be the idempotent associated to the set {x}.
Then T (Ey) = T (< y,α >) ∼= Sx 6= 0.
Theorem 4.7. Let Ey be an indecomposable injective right C-comodule
with y /∈ Ie. The following statements are equivalent:
(a) T (Ey) = 0,
(b) HomC(Ey, Ex) = 0 for all x ∈ Ie,
(c) Sy has no torsion-free predecessor in ΓC .
Proof. (a) ⇒ (b). Since S is left adjoint to T then we have that
HomC(Ey, Ex) = HomC(Ey, S(Ex)) ∼= HomeCe(T (Ey), Ex) = 0 for
all x ∈ Ie.
(b)⇒ (c). It is proved in Proposition 2.8.
(c)⇒ (a). For each n ≥ 1, we have the short exact sequence
SocnEy // Socn+1Ey //
⊕
i∈In
Si .
Since Sy has no torsion-free predecessor, T (Si) = 0 for all i ∈ In and
then T (SocnEy) = T (Soc
n+1Ey). Now,
T (Ey) = T (lim−→
SocnEy) = lim−→
T (SocnEy) = T (Soc Ey) = 0.
Let us finish the section by giving an approach to the image of
an indecomposable injective comodule Ey with torsion socle. Firstly,
from the Loewy series of Ey, we may obtain a chain
0 ⊆ T (SocEy) ⊆ T (Soc
2Ey) ⊆ · · · ⊆ T (Soc
nEy) ⊆ · · · ⊆ T (Ey)
such that each quotient
T (Socn+1Ey)
T (SocnEy)
∼= T
(
Socn+1Ey
SocnEy
)
is the the direct
sum of the torsion-free n-predecessors of Sy. As a consequent, by
Lemma 2.3, we have that T (Socn+1Ey) ⊆ Soc
nT (Ey). In particular,
T (Soc2Sy) is the direct sum of all torsion-free immediate predecessors
of Sy and T (Soc
2Ey) ⊆ Soc T (Ey).
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Lemma 4.8. Let Sy be a torsion simple right C-comodule. Suppose
that {Sx, Tz}x∈I,z∈J is the set of all immediate predecessors of Sy in
ΓC , where Sx is torsion-free for all x ∈ I and Tz is torsion for all
z ∈ J . Then
Soc T (Ey) ⊆
(⊕
x∈I
Sx
)⊕(⊕
z∈J
Soc T (Ez)
)
.
If C is hereditary, the opposite inclusion also holds.
Proof. By Lemma 2.2, Soc (Ey/Sy) = (⊕x∈ISx)⊕ (⊕z∈JTz) and, con-
sequently, Ey/Sy ⊆ (⊕x∈IEx)⊕ (⊕z∈JEz). Then
T (Ey) ∼= T (Ey/Sy) ⊆
(⊕
x∈I
Ex
)⊕(⊕
z∈J
T (Ez)
)
and then
Soc T (Ey) ⊆
(⊕
x∈I
Sx
)⊕(⊕
z∈J
Soc T (Ez)
)
.
Clearly, the inclusions are equalities if C is hereditary.
In a general context it is not possible to prove the equality in
Lemma 4.8. For example, consider the quiver of Example 4.1, the
coalgebra generated by the set < x, y, z, α, β > and Ie = {x}. Then
Soc T (Ez) = 0 and Soc T (Ey) = Sx.
Corollary 4.9. Let Ey be a indecomposable injective C comodule such
that Sy is torsion. If Sx ⊆ Soc T (Ey) then
(a) Sx is torsion-free.
(b) Sx is a predecessor of Sy in ΓC .
(c) There exists a path in ΓC
Sx // Sn // · · · // S2 // S1 // Sy
such that Si is torsion for all i = 1, . . . , n.
If C is hereditary, the converse also holds.
Proof. By Lemma 4.8, it is enough to prove (b). Now, by hypothesis,
0 6= HomeCe(T (Ey), Ex) ∼= HomC(Ey, Ex) = RadC(Ey, Ex). Corol-
lary 2.8 completes the proof.
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5 The colocalizing functor
Throughout this section we shall assume that Te is a colocalizing sub-
category ofMC . Then the quotient functor T has a left adjoint functor
H which can be described as follows:
MC
T=e(−)=−CeC //
MeCe
H=CohomeCe(eC,−)
oo .
We recall from [20] that there exists such functor H if and only if
eC = T (C) is quasi-finite as right eCe-comodule, i.e., since T (C) =
eCe
⊕
(
⊕
y∈IC\Ie
T (Ey)), if and only if
⊕
y∈IC\Ie
T (Ey) is quasi-finite
as eCe-comodule. According to Corollary 4.9, this is obtained if
dimKExt
1
C(S, S
′) is finite for each pair of simple comodules S and
S′, and there is finitely many paths in ΓC
Sx // Sn // · · · // S3 // S2 // S1
where Si is torsion for all i = 1, . . . , n, for each torsion-free simple
comodule Sx.
Proposition 5.1. The following assertions hold:
(a) H preserves projective comodules.
(b) H preserves finite dimensional comodules.
(c) H preserves finite dimensional indecomposable comodules.
(d) The functor H :MeCe →MC restricts to a fully faithful functor
H : MeCef → M
C
f between the categories of finite-dimensional
comodules which preserves indecomposable comodules and respects
isomorphism classes.
Proof. (a) It is symmetric to the proof of Proposition 3.2(a).
(b) LetN be a finite dimensional right eCe-comodule. ThenH(N) =
CohomeCe(eC,N) = lim−→
HomeCe(Nλ, eC)
∗ = HomeCe(N, eC)
∗.
Now, since eC is a quasi-finite right eCe-comodule, HomeCe(N, eC)
has finite dimension.
(c) LetN be a finite dimensional indecomposable right eCe-comodule.
Since H is fully faithful then EndeCe(N) ∼= EndC(H(N)) is a lo-
cal ring. Now, by (b), H(N) is finite dimensional and then H(N)
is indecomposable.
(d) It is straightforward from (b), (c) and the equality TH = 1MeCe .
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Analogously to the study of the section functor, let us characterize
the simple comodules which are invariant under the functor H. For
that purpose we need the following proposition:
Proposition 5.2. Let Sx be a simple eCe-comodule. Then H(Sx) =
Sx if and only if HomeCe(Sx, T (Ey)) = 0 for all y /∈ Ie.
Proof. From the decomposition eC = eCe ⊕ eC(1 − e) as right eCe-
comodules, we have the following equalities:
dimKH(Sx) = dimKCohomeCe(eC, Sx)
= dimKSx + dimKCohomeCe(eC(1− e), Sx)
= dimKSx +
∑
y/∈Ie
dimKCohomeCe(T (Ey), Sx)
= dimKSx +
∑
y/∈Ie
dimKHomeCe(Sx, T (Ey)).
Therefore, HomeCe(Sx, T (Ey)) = 0 for all y /∈ Ie if H(Sx) ∼= Sx.
Conversely, there is a natural isomorphism HomC(H(Sx), Sx) ∼=
HomeCe(Sx, Sx) so there exists a non-zero (and then surjective) mor-
phism f : H(Sx) → Sx. By hypothesis, dimKH(Sx) = dimKSx and
then f is an isomorphism.
Theorem 5.3. Let Sx be a simple eCe-comodule. H(Sx) = Sx if and
only if Ext1C(Sx, Sy) = 0 for all y /∈ Ie, i.e., there is no arrow Sx → Sy
in ΓC , where Sy is a torsion simple C-comodule.
Proof. By Proposition 5.2, it is enough to prove that Ext1C(Sx, Sy) = 0
for all y /∈ Ie if and only if HomeCe(Sx, T (Ey)) = 0 for all y /∈ Ie.
⇐) Suppose that Ext1C(Sx, Sy) 6= 0 for some y /∈ Ie. By Lemma
2.2, Sx ⊆ Soc (Ey/Sy). Then
Sx = T (Sx) ⊆ T (Soc Ey/Sy) ⊆ Soc T (Ey/Sy) = Soc T (Ey)
and therefore HomeCe(Sx, T (Ey)) 6= 0.
⇒) If Ext1C(Sx, Sy) = 0 for each y /∈ Ie then there is no path as
described in Corollary 4.9(c). Thus Sx is not contained in T (Ey) for
any y /∈ Ie.
6 Semicentral idempotents
In this section we extend the result obtained in [10] which character-
ize stable subcategories as those whose associated idempotent is left
semicentral. We recall from [10] that an idempotent element e ∈ C∗ is
said to be left (right) semicentral if eC = eCe (Ce = eCe), or equiva-
lently, if eC (Ce) is a subcoalgebra of C. A localizing subcategory is
said to be stable if it is closed for injective envelopes.
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In the following theorem we describe stable subcategories from
different points of view. A proof of some equivalences is given in [10,
Theorem 4.3]. We recall that, for a subset Λ of the vertex set (ΓC)0,
we say that Λ is right link-closed if it satisfies that, for each arrow
S → T in ΓC , if S ∈ Λ then T ∈ Λ.
Theorem 6.1. Let C be a coalgebra and Te ⊆ M
C be a localizing
subcategory associated to an idempotent element e ∈ C∗. The following
conditions are equivalent:
(a) Te is a stable subcategory.
(b) T (Ex) = 0 for any x /∈ Ie.
(c) T (Ex) =
{
Ex if x ∈ Ie,
0 if x /∈ Ie.
(d) HomC(Ey, Ex) = 0 for all x ∈ Ie and y /∈ Ie.
(e) Any torsion vertex in ΓC has no torsion-free predecessor.
(f) K = {S ∈ (ΓC)0 | T (S) = S} is a right link-closed subset of
(ΓC)0, i.e., there is no arrow Sx → Sy in ΓC , where T (Sx) = Sx
and T (Sy) = 0.
(g) There is no path in ΓC from a vertex Sx to a vertex Sy such that
T (Sx) = Sx and T (Sy) = 0.
(h) e is a left semicentral idempotent in C∗.
If Te is a colocalizing subcategory these are also equivalent to
(i) H(Sx) = Sx for any x ∈ Ie.
Proof. (a)⇒ (b)⇒ (c)⇒ (d)⇒ (e)⇒ (f)⇒ (g). It follows from the
definition, Theorem 4.7 and Proposition 2.8.
(g)⇒ (f). Trivial.
(f) ⇒ (c). By Corollary 4.9, Soc T (Ey) = 0 for all y /∈ Ie. Then
T (Ey) = 0 for all y /∈ Ie.
(c)⇒ (a). LetM be a torsion right C-comodule such that its injective
envelope is
⊕
i∈J Ei. Then Si ⊆ M is torsion for all i ∈ J and, by
hypothesis, T (Ei) = 0 for all i ∈ J . Thus T (
⊕
i∈J Ei) = 0.
(c) ⇔ (h). We have that C =
⊕
x∈IC
Ex and therefore T (C) =
(
⊕
x∈Ie
Ex)
⊕
(
⊕
y/∈Ie
T (Ey)). On the other hand, eCe =
⊕
x∈Ie
Ex.
Therefore if (c) holds then eCe = T (C). Conversely, if eCe = T (C)
then
⊕
x∈Ie
Ex = (
⊕
x∈Ie
Ex)
⊕
(
⊕
y/∈Ie
T (Ey)). Since eCe is quasi-
finite, by Krull-Remak-Schmidt-Azumaya theorem, T (Ey) = 0 for all
y /∈ Ie.
(e)⇔ (i). It is Theorem 5.3.
We may find an analogous result to Theorem 6.1 for right semi-
central idempotents:
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Theorem 6.2. Let C be a coalgebra and Te ⊆ M
C be a localizing
subcategory associated to an idempotent element e ∈ C∗. The following
conditions are equivalent:
(a) T1−e is a stable subcategory.
(b) T (Ex) = Ex for any x ∈ Ie.
(c) HomC(Ex, Ey) = 0 for all x ∈ Ie and y /∈ Ie.
(d) Any torsion-free vertex in ΓC has no torsion predecessor.
(e) There is no path in ΓC from a vertex Sy to a vertex Sx such that
T (Sx) = Sx and T (Sy) = 0.
(f) K = {S ∈ (ΓC)0 | T (S) = S} is a left link-closed subset of (ΓC)0,
i.e., there is no arrow Sy → Sx in ΓC , where T (Sx) = Sx and
T (Sy) = 0.
(g) e is a right semicentral idempotent in C∗.
(h) The torsion subcomodule of a right C-comodule M is (1− e)M
(i) S(Sx) = Sx for all x ∈ Ie.
Proof. By [10] and Theorem 6.1, it is easy to prove (a)⇔ (b)⇔ (c)⇔
(d)⇔ (e)⇔ (f).
(d)⇔ (g). It is Corollary 3.8.
As a consequence, for a non necessarily indecomposable coalgebra
C, we get the following immediate result:
Corollary 6.3. The following are equivalent:
(a) e is a central idempotent.
(b) For each arrow Sx → Sy in ΓC , T (Sx) = 0 if and only if T (Sy) =
0.
(c) For each connected component of ΓC , either all vertices are tor-
sion or all vertices are torsion-free.
(d) T (Ex) = 0 for any x /∈ Ie and S(Sx) = Sx for all x ∈ Ie.
Corollary 6.4. Let e be a central idempotent in C∗ and {ΣtC ,∆
s
C}t,s
be the connected components of ΓC , where the vertices of each Σ
t
C are
torsion-free and the vertices of each ∆sC are torsion. Then {Σ
t
C}t are
the connected components of ΓeCe.
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